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Abstract
We state an abstract variational formulation to a coupled system constituted by an inequality and an equality motivated by the
motion and energy equations, and the constitutive laws for the stress tensor and the heat flux, respectively, when non-Newtonian
fluids are taken care of. Here the existence of a weak solution is proven via a fixed point argument to multivalued mappings.
The nonstandard boundary conditions correspond to friction wall laws and energy transfer condition considered on a part of the
boundary, whereas there exists the presence of the frictional work due to the friction of the fluid motion. We conclude by formulating
the corresponding stationary heat conducting viscous incompressible flow problem and we establish an existence result.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In the present work we deal with a model problem motivated by the solid and/or fluid thermomechanics. For Ω an
open bounded set of Rn (n > 1) with a sufficiently smooth boundary ∂Ω constituted by two disjoint complementary
open subsets Γ0 and Γ , i.e., Ω ∈ C1, ∂Ω = Γ 0 ∪Γ , Γ0 ∩Γ = ∅, meas(Γ0) > 0, meas(∂Ω \ (Γ0 ∪Γ )) = 0, we study
the elliptic boundary value problem: find u, e : Ω¯ →R and τ : Ω¯ →Rn such that
−∇ · τ = f (e,u,∇u) in Ω; (1)
τ ∈ ∂F(e,∇u) in Ω; (2)
−τ · n ∈ ∂G(e, u) on Γ ; (3)
−∇ ·A(e,∇e) = g(u, e,∇e)+ τ · ∇u in Ω; (4)
A(e,∇e) · n + γ (e) = −(τ · n)u on Γ ; (5)
u = e = 0 on Γ0 := ∂Ω \ Γ¯ . (6)
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For simplicity, we will concentrate on the principal parts neglecting the possible lower order terms that can be taken
into account, i.e., assuming f (e,u,∇u) ≡ f defined in Ω , and g(u, e,∇e) ≡ 0.
Definition 1. We say that (1)–(6) is a (p − q) coupled system if
• for p > 1, F(e, ζ ) :R×Rn →R is a continuous function, strictly convex on the second variable, such that
∃α# > 0: F(e, ζ ) α#|ζ |p, ∀e ∈R, ζ ∈Rn; (7)
∃α# > 0: F(e, ζ ) α#(1 + |ζ |p), ∀e ∈R, ζ ∈Rn; (8)
• for q > 2 − 1/n, A(x, e, ζ ) : Ω ×R×Rn →Rn is a Carathéodory function, i.e., it is measurable in x ∈ Ω for all
e ∈R and ζ ∈Rn, and it is continuous in e ∈R and ζ ∈Rn for a.e. in x ∈ Ω, such that
∃ν# > 0: A(·, e, ζ ) · ζ  ν#|ζ |q, a.e. in Ω, ∀e ∈R, ζ ∈Rn; (9)
∃ν# > 0: ∣∣A(·, e, ζ )∣∣ ν#(1 + |ζ |q−1), a.e. in Ω, ∀e ∈R, ζ ∈Rn; (10)(
A(·, e, ζ )−A(·, e, η)) · (ζ − η) > 0, ∀η = ζ. (11)
A direct application of the (p−q) coupled system can be the laminar Navier–Stokes–Fourier flow under a frictional
phenomenon on the part Γ of the boundary
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
−∇ · (μ(e)∇u)= dπ
dx1
+ f in Ω;
−μ(e)∇u · n = ϕ(e)u on Γ ;
u
∂e
∂x1
− ∇ · (χ(e)∇e)= μ(e)|∇u|2 + g in Ω;
χ(e)∇e · n + γ (e) = ϕ(e)u2 on Γ ;
u = e = 0 on Γ0;
observing that the fluid velocity u is in the x1-direction, F(e,∇u) = μ(e)|∇u|2/2, μ denotes the viscosity, e rep-
resents the specific internal energy, π denotes the pressure, f and g are the external force and heat, respectively,
G(e, u) = ϕ(e)u2/2, ϕ is the friction coefficient, A(e,∇e) = χ(e)∇e, and χ denotes the thermal diffusity. The rela-
tions (7)–(11) are clearly satisfied for p = q = 2, since the momentum and heat fluxes (τ and A) vary linearly with ∇u
and ∇e, respectively. The N–S–F fluid is without doubt the most well-known and widely used model in fluid thermo-
mechanics, although with Dirichlet boundary conditions. Meanwhile, in pipe flow calculations, lubrication problems,
design of on-line viscometers, extruder operation and polymer processing calculations, nonlinear laws are indubitably
a priority in the fluid mechanics envolving transport phenomena (see [6] and the references therein). In this state of
mind, this work also addresses a vectorial approach of the (p − q) coupled system in order to apply to the heat con-
ducting problems under friction wall laws in the subdifferential form and a related energy transfer boundary condition.
This is what we call the (p − q) coupled fluid-energy system. The application of the developed theory allows to avoid
the study of the free boundaries between the different flow regions (e.g. rigid/plastic zones) and on the boundary (e.g.
regions with sliding/adhesive friction).
In recent years, there has been an increasing interest in the study of different applications of the mathematical
modelling of non-Newtonian fluids to coupled systems of partial differential equations. For instance, the ability of
electrorheological fluids to drastically change the mechanical properties under the influence of an external electro-
magnetic field [23,25]. The main feature of the above system is that the equation for the electromagnetic field is
uncoupled thus its regularity is as good as the obtained by the classical regularity theory.
The differential coupled system containing the Joule effects leads us to prove the existence of a solution of an ellip-
tic equation with L1-data. The mathematical modelling of such fluids was investigated by different authors [1,3,24],
under Dirichlet conditions. We emphasize that the uniqueness of an elliptic problem with L1-data is known for a linear
operator and for monotone operators under different definitions of the solution, entropy solutions [5] or renormalized
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tained by limit approximation, introduced in [13] for a strongly monotone operator and we prove that the uniqueness
remains true for a strictly monotone operator.
In [9], the problem is studied under the Fourier linear heat flux and a Fourier-type boundary condition for the
scalar energy. In [10], the particular case of Navier–Stokes–Fourier problem includes the radiation behavior at the
two-dimensional space. In [12], the Joule effect is neglected and Dirichlet boundary condition for the fluid velocity
is taken into account, since we deal with the existence of a weak solution capturing the radiation behavior in the
three-dimensional space and the shear thinning phenomenon exhibited by a broader class of non-Newtonian fluids.
That is, we provide upper bounds to the exponent of the nonlinear convective-radiative term and lower bounds to the
exponent relative to the principal nonlinear elliptic operator than the classical restriction, p > 3n/(n + 2), due to the
existence of the convective term.
Recently slip conditions appear in the study of the fluid motion as, for instance, the nonlocal Colomb friction law
(see [11] and the references therein) and the linear Navier law (see [4] and the references therein).
The outline of this work is as follows. In Section 2, the weak variational formulation and the main results are stated.
Section 3 is devoted to the existence of weak solutions of auxiliary problems and their characterizations. The proofs
of the main results are presented in Sections 4 and 5. In Section 6 we present physical situations that the (p − q)
coupled fluid-energy system can model as well as the application to engineering models of the boundary conditions
introduced in Section 2. Finally we present the weak variational formulation and the existence result (Section 7) and
its proof (Section 8) relative to the heat conducting flow problems (cf. Section 6).
2. Main results
Let us define our admissible spaces, for p > 1 and l  1,
W
1,p
0 (Ω;Γ0) =
{
v ∈ W 1,p(Ω): v = 0 on Γ0
};
L
p
div =
{
τ ∈ Lp(Ω): ∇ · τ ∈ Lp(Ω)};
Xp,l =
{
v ∈ W 1,p0 (Ω;Γ0): v ∈ Ll(Γ )
}
,
and the norms
‖v‖1,p;Ω := ‖∇v‖p,Ω, ‖v‖Xp,l := ‖v‖1,p;Ω + ‖v‖l,Γ .
Definition 2. We say that (u, τ, e) ∈ W 1,p0 (Ω;Γ0) × Lp
′
div × W 1,r0 (Ω;Γ0) is a weak solution to the (p − q) coupled
system (1)–(6) if it verifies (6) and satisfies∫
Ω
{F(e,∇v)−F(e,∇u)}dx +
∫
Γ
{G(e, v)− G(e, u)}dΓ 
∫
Ω
f (v − u)dx, ∀v ∈ W 1,p0 (Ω;Γ0); (12)
∫
Ω
τ · ∇udx =
∫
Ω
F(e,∇u)dx +
∫
Ω
F∗(e, τ ) dx; (13)
−
∫
Γ
(τ · n)udΓ =
∫
Γ
G(e, u) dΓ +
∫
Γ
G∗(e,−τ · n) dΓ ; (14)
∫
Ω
A(e,∇e) · ∇φ dx +
∫
Γ
γ (e)φ dΓ =
∫
Ω
(τ · ∇u)φ dx −
∫
Γ
(τ · n)uφ dΓ, ∀φ ∈ W 1,r/(r−q+1)0 (Ω;Γ0). (15)
Here we define F∗ and G∗ as the conjugate functions to F and G, respectively.
Theorem 3. Assume that f ∈ Lp′(Ω), G(x, e,u) : Γ ×R×R→ R is a nonnegative Carathéodory function, convex
on the third variable, and there exists 1 s < p(n− 1)/(n− p) if p < n or an arbitrary s  1 otherwise such that
∃ϕ# > 0: 0 G(·, e, u) ϕ#(1 + |u|s), a.e. on Γ, ∀e,u ∈R. (16)
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∃l  1, γ # > 0: ∣∣γ (e)∣∣ γ #(|e|l + 1); (17)(
γ (e)− γ (ξ)) sign(e − ξ) 0, ∀e, ξ ∈R. (18)
Then, if 1  l < n(q − 1)/(n − q) and q < n or an arbitrary l  1 otherwise, there exists a weak solution to the
(p − q) coupled system (1)–(6), for all 1 < r < (q − 1)n/(n− 1).
Theorem 4. Under the assumptions of Theorem 3, and additionally
∃γ# > 0: γ (e) sign(e) γ#|e|l , ∀e ∈R; (19)
for each l  1 there exists a weak solution to the (p − q) coupled system (1)–(6) such that e ∈ Xr,l , for all 1 < r <
(q − 1)n/(n− 1).
The proofs are based on the application of the Tychonov–Kakutani–Glicksberg fixed point theorem [2, pp. 218–220]
for multivalued mappings, using three auxiliary existence results. The first one results from the classical elliptic theory
for inequalities [26]. The second one involves the duality theory on convex optimization and the existence of Lagrange
multipliers [16]. The third one results from the elliptic equations theory with L1-data [7,13,22]. Finally, compactness
arguments are used to conclude the proofs. For reader’s convenience, let us recall the fixed point theorem.
Theorem 5 (Tychonov–Kakutani–Glicksberg). Let X be a locally convex Hausdorff topological vector space and K
be a nonempty convex compact set in X. If L : K → P(K) is an upper semicontinuous mapping and L(z) = ∅ is a
convex and closed subset in K for every z ∈ K , then there exists at least one fixed point, z ∈ L(z).
3. Auxiliary existence results
The first existence result is a consequence of the elliptic theory on inequalities [26, p. 875].
Proposition 6. For given ξ ∈ W 1,1(Ω), if the assumptions (7)–(8) and (16) are fulfilled then there exists u ∈
W
1,p
0 (Ω;Γ0) a unique weak solution to the problem (12), with ξ replacing e, satisfying the estimate
‖u‖p1,p;Ω  C‖f ‖p
′
p′,Ω, (20)
where C denotes a constant dependent on Ω,p,α#.
In the following, the same symbol C may denote different positive constants that dependent, at most, on the data.
Let us state the following existence result due to the duality theory on the convex optimization (cf. [16, pp. 50–52]).
Proposition 7. Let u = u(ξ) be the solution given at Proposition 6. Then there exists a Lagrange multiplyer (τ, ς) ∈
Lp′(Ω)×Ls′(Γ ) such that
−Υ ∗(0, τ, ς) = sup{−Υ ∗(0, ζ,ψ): ζ ∈ Lp′(Ω), ψ ∈ Ls′(Γ )}
= inf{Υ (v,0,0): v ∈ W 1,p0 (Ω;Γ0)}
where Υ ∗ is the conjugate function of Υ : W 1,p0 (Ω;Γ0)× Lp(Ω)×Ls(Γ ) →R defined by
Υ (v, ζ,ψ) =
∫
Ω
F(ξ,∇v + ζ ) dx +
∫
Γ
G(ξ, v +ψ)dΓ −
∫
Ω
f v dx.
Moreover, (13)–(14) are verified and the estimates hold
‖τ‖p′
p′,Ω 
2p
p − 1
(
α#p
)p′ ‖∇u‖pp,Ω + 2p − 1
(
α#p
)p′
meas(Ω); (21)
‖ς‖s′s′,Γ 
2s
s − 1
(
ϕ#s
)s′ ‖u‖ss,Γ + 2s − 1
(
ϕ#s
)s′
meas(Γ ). (22)
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the existence of the minimizer u:
Υ (u,0,0) = inf{Υ (v,0,0): v ∈ W 1,p0 (Ω;Γ0)};
and the convexity of F and G. From (8) and (16) we obtain
F∗(ξ, τ ) α#((p − 1)(α#p)−p′ |τ |p′ − 1);
G∗(ξ, ς) ϕ#((s − 1)(ϕ#s)−s′ |ς |s′ − 1).
Then, it follows
−α#|Ω| + (α#)1−p′p−p′(p − 1)
∫
Ω
|τ |p′ dx 
∫
Ω
F(ξ,∇u)dx +
∫
Ω
F∗(ξ, τ ) dx = 〈τ,∇u〉
 1
p′
‖τ‖p′
p′,Ω +
1
p
‖∇u‖pp,Ω,
analogously for ς , resulting the estimates (21) and (22). Since τ ∈ Lp′(Ω) and ∇ ·τ = −f ∈ Lp′(Ω), that is, τ ∈ Lp′div,
then there exists a linear continuous mapping T such that T τ ∈ Lp′(Γ ) and the Green formula holds
〈τ,∇v〉 + 〈∇ · τ, v〉 = 〈T τ, v〉, ∀v ∈ W 1,p0 (Ω;Γ0).
So it results (cf. [11])
ς = −T τ on Ls′(Γ )∩Lp′(Γ ),
or simply ς = −τ · n. 
Remark 8. We remark that u ∈ W 1,p0 (Ω;Γ0) ↪→↪→ Lt(Γ ), with max{s,p} t < p(n − 1)/(n − p) if p < n or an
arbitrary t max{s,p} otherwise.
The third existence result on L1-theory is proven via solutions obtained by limit approximation (SOLA) and the
uniqueness is shown for that kind of solutions (cf. [7,13,22]).
Proposition 9. Let the assumptions of Theorem 3 be fulfilled, ξ ∈ L1(Ω), g ∈ L1(Ω) and h ∈ L1(Γ ). Then there
exists a unique SOLA, e ∈ W 1,r0 (Ω;Γ0), for all 1 < r < (q − 1)n/(n− 1), to the problem∫
Ω
A(·, ξ,∇e) · ∇φ dx +
∫
Γ
γ (e)φ dΓ =
∫
Ω
gφ dx +
∫
Γ
hφ dΓ, (23)
for all φ ∈ W 1,r/(r−q+1)0 (Ω;Γ0). Moreover, the estimate holds
‖e‖1,r;Ω  C
(‖g‖1,Ω + ‖h‖1,Γ )λ, (24)
with λ = λ(n, r, q) and C a constant dependent on the structural constant data.
Proof. This proof is divided in four steps:
1. for each M ∈N, there exists a weak solution eM of an approximate problem (23)M ;
2. γ (eM)⇀ γ (e) in L1(Γ );
3. A(·, ξ,∇eM)⇀A(·, ξ,∇e) in Lr/(q−1)(Ω);
4. the uniqueness of SOLA.
Step 1. Let M be a fixed natural number. Since W 1,q0 (Ω;Γ0) is a reflexive Hausdorff Banach space (q > 1) the
existence of a weak solution to the problem (23), with regular data g = gM and h = hM such that gM ∈ Lq ′(Ω)
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left-hand side of the equality (23). Indeed
∫
Ω
A(·, ξ,∇e) · ∇e dx +
∫
Γ
γ (e)e dΓ  ν#‖∇e‖qq,Ω ; (25)
∣∣∣∣
∫
Ω
A(·, ξ,∇e) · ∇φ dx +
∫
Γ
γ (e)φ dΓ
∣∣∣∣

∥∥A(·, ξ,∇e)∥∥
q ′,Ω‖∇φ‖q,Ω +
∥∥γ (e)∥∥
q(n−1)/(nq−n),Γ ‖φ‖q(n−1)/(n−q),Γ
 C
(
1 + ‖∇e‖q−1q,Ω + ‖e‖llq(n−1)/(nq−n),Γ
)‖∇φ‖q,Ω, (26)
remarking that W 1,q (Ω) ↪→ Llq(n−1)/(nq−n)(Γ ) for l  n(q − 1)/(n − q) and q < n. The estimate (24) is derived
taking a suitable test function in the approximate problem (23)M (for details see, for instance, [7]).
Step 2. Arguing as in [22], choose φ = Tk(eM) as a test function in (23), where Tk(e) = min{k,max{e,−k}},
(k > 0), considering gM and hM as regular data such that ‖gM‖q ′,Ω  ‖g‖1,Ω and ‖hM‖q ′,Γ  ‖h‖1,Γ . Since the
convective term vanishes, from the assumption (18) we obtain
k
∫
[|eM |>k]
∣∣γ (eM)∣∣dΓ 
∫
[|eM |k]
γ (eM)eM dΓ + k
∫
[|eM |>k]
γ (eM) sign(eM)dΓ =
∫
Γ
γ (eM)Tk(eM)dΓ
 k
(‖g‖1,Ω + ‖h‖1,Γ ).
Passing to the limit, when k tends to zero, it results∥∥γ (eM)∥∥1,Γ  ‖g‖1,Ω + ‖h‖1,Γ . (27)
From the compact embedding W 1,r (Ω) ↪→↪→ Lt(Γ ), for 1 < t < r(n− 1)/(n− r), we can extract a subsequence
of eM , still denoted by eM , such that eM → e a.e. in Γ . Thus γ (eM) → γ (e) a.e. in Γ , and consequently the desired
weak convergence arises.
Step 3. To prove the convergence of ∇eM to ∇e a.e. in Ω , it is sufficient to prove the convergence in measure:
∀δ,∀ε,∃m0: M m0 ⇒ meas
{
x ∈ Ω: ∣∣(∇eM − ∇e)(x)∣∣ δ} ε.
Arguing as in [22], for k, η > 0 we have
{
x ∈ Ω: ∣∣(∇eM − ∇e)(x)∣∣ δ}⊆
6⋃
i=1
Ai
where
A1 =
{
x ∈ Ω: ∣∣eM(x)∣∣ k} ⇒ meas(A1) ‖eM‖1,Ω/k;
A2 =
{
x ∈ Ω: ∣∣e(x)∣∣ k} ⇒ meas(A2) ‖e‖1,Ω/k;
A3 =
{
x ∈ Ω: ∣∣∇eM(x)∣∣ k} ⇒ meas(A3) ‖∇eM‖1,Ω/k;
A4 =
{
x ∈ Ω: ∣∣∇e(x)∣∣ k} ⇒ meas(A4) ‖∇e‖1,Ω/k;
A5 =
{
x ∈ Ω: ∣∣(eM − e)(x)∣∣ η} ⇒ meas(A5) ‖eM − e‖1,Ω/η;
A6 =
{
x ∈ Ω: ∣∣(∇eM − ∇e)(x)∣∣ δ, ∣∣eM(x)∣∣ k, ∣∣e(x)∣∣ k, ∣∣∇eM(x)∣∣ k, ∣∣∇e(x)∣∣ k,∣∣(eM − e)(x)∣∣ η}.
Since eM → e in L1(Ω), for all η > 0, there exists m1 such that M  m1, meas(A5)  ε, and choosing k suf-
ficiently large we have meas(Ai)  ε, i = 1,2,3,4. To estimate meas(A6), choose φ = Tη(eM − Tk(e)) as a test
function in (23)M . Thus it results
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∫
Ω
[
A(·, ξ,∇eM)−A
(·, ξ,∇Tk(e))] · ∇Tη(eM − Tk(e))+
∫
Γ
[
γ (eM)− γ
(
Tk(e)
)]
Tη
(
eM − Tk(e)
)
=
∫
Ω
gMTη
(
eM − Tk(e)
)+
∫
Γ
hMTη
(
eM − Tk(e)
)−
∫
Ω
A
(·, ξ,∇Tk(e)) · ∇Tη(eM − Tk(e))
−
∫
Γ
γ
(
Tk(e)
)
Tη
(
eM − Tk(e)
)
.
From the assumption (18) we have[
γ (eM)− γ
(
Tk(e)
)]
Tη
(
eM − Tk(e)
)
 0.
From the assumption (17) we get∣∣∣∣
∫
Γ
γ
(
Tk(e)
)
Tη
(
eM − Tk(e)
)∣∣∣∣ ηγ #
∫
Γ
(∣∣Tk(e)∣∣l + 1) ηγ #(kl + 1)meas(Γ )
where k is already chosen sufficiently large. Thus η is chosen sufficiently small such that ηγ #(kl +1)meas(Γ ) < ε/C,
with C a constant independent on k, η and ε. Then we can proceed as in [22] to conclude that meas(A6) < ε/6.
Then we conclude that A(·, ξ,∇eM) → A(·, ξ,∇e) a.e. in Ω . From the assumption (10), A(·, ξ,∇eM) belongs to
a bounded subset of Lr/(q−1)(Ω). Therefore we get the desired weak convergence.
Step 4. The existence of a solution to (23) is a consequence of the passage to the limit at Step 1, taking into account
Steps 2 and 3. To prove SOLA uniqueness, let {(gM,hM)} and {(g˜M, h˜M)} two different sequences such that
gM, g˜M ⇀ g in L1(Ω); hM, h˜M ⇀ h in L1(Γ ).
Thus taking eM = e(ξ, gM,hM) and e˜M = e(ξ, g˜M, h˜M) the corresponding solutions to (23)M , we have eM → e =
e(ξ, g,h) and e˜M → e˜ = e(ξ, g,h) in W 1,r0 (Ω;Γ0). To prove that e = e˜ it remains to prove that eM − e˜M → 0 in
W
1,r
0 (Ω;Γ0). Indeed, arguing as in Step 3 and choosing φ = Tη(eM − Tk(e˜M)) as a test function in (23)M we obtain∫
Ω
[
A(·, ξ,∇eM)−A
(·, ξ,∇Tk(e˜M))] · ∇Tη(eM − Tk(e˜M))
−
∫
Ω
A
(·, ξ,∇Tk(e˜M)) · ∇Tη(eM − Tk(e˜M))+ η{‖g‖1,Ω + ‖h‖1,Γ + γ #(kl + 1)meas(Γ )}.
Then we can proceed as before concluding that e is the unique solution obtained as limit approximation
(SOLA). 
Proposition 10 (Continuous dependence). Let {ξm}, {gm} and {hm} be sequences such that ξm → ξ in L1(Ω), gm ⇀ g
in L1(Ω), hm ⇀ h in L1(Γ ) and there exist R2,R3 > 0 such that ‖gm‖1,Ω  R2 and ‖hm‖1,Γ  R3. Then the
solutions em = e(ξm,gm,hm) to (23) are such that em → e in W 1,r0 (Ω;Γ0), for all 1 < r < (q − 1)n/(n − 1), where
e = e(ξ, g,h) is the solution to (23).
Proof. Let {ξm}, {gm} and {hm} be sequences in the conditions of the proposition. Take regular approximations gmM
and hmM , M ∈ N, to each gm and hm, respectively. By the diagonalization argument, we find gmm and hmm weakly
convergent to g and h in L1(Ω) and L1(Γ ), respectively. Proposition 9 (Step 1) guarantees the existence of regular
corresponding solutions emm = e(ξm,gmm,hmm) that verify (24) and (27). The argument used in Proposition 9 (Step 3)
remains valid replacing ξ by ξm (cf. [22]). Under these circumstances, we have emm → e = e(ξ, g,h), where e is the
unique SOLA. 
4. Proof of Theorem 3
In order to apply Theorem 5, let us consider the closed convex ball
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for some r > 1, for R1,R2 and R3 > 0 conveniently chosen by (24), (20)–(21) and (20)–(22), respectively. The ball
K is compact when the topological vector space is provided by the weak topology.
Let us built the operator L : K ⊆ W 1,r0 (Ω;Γ0)×L1(Ω)×L1(Γ ) →P(K) as follows
L(ξ, g,h) = {(e, τ · ∇u,−(τ · n)u)}
where e is the SOLA solution given at Proposition 9, u is the minimizer given at Proposition 6 and τ is a correspondent
Lagrange multiplyer given at Proposition 7. The functional operator L is well defined, in the sense of Theorem 5,
since L(ξ, g,h) is a convex set due to the uniqueness of the minimizer u, the convex property of the set of Lagrange
multipliers, and the uniqueness of a solution obtained by limit approximation (cf. Proposition 9). To conclude the
proof it remains to prove the closeness in K ×K of the graph set:
GKK(L) :=
{
(y, z) ∈ K ×K: z ∈ L(y)}.
Take the sequences (ξm,gm,hm) ∈ K and (em, τm · ∇um,−(τm · n)um) ∈ L(ξm,gm,hm) satisfying
ξm ⇀ ξ, em ⇀ e in W 1,r0 (Ω;Γ0);
gm ⇀ g, τm · ∇um ⇀ 1 in L1(Ω);
hm ⇀ h, (τm · n)um ⇀ 2 in L1(Γ ).
The limit solution e is proven at Proposition 10. The proof of um ⇀ u in W 1,p0 (Ω;Γ0) is classical on elliptic inequal-
ities [21] and the convergence τm · ∇um ⇀ τ · ∇u in L1(Ω) follows by similar arguments already used in [9]. Finally,
the convergence, (τm · n)um ⇀ (τ · n)u in L1(Γ ), is a consequence of the strong convergence um → u in Lp(Γ ) and
τm ⇀ τ in Lp
′
(Γ ). Therefore Theorem 5 can be applied and the existence of the required solution holds.
5. Proof of Theorem 4
The proof follows each step of the proof of Theorem 3. The difference comes from the choice of the functional
space Xq,l+1 in Step 1 of Proposition 9. Indeed, eM ∈ Xq,l+1 satisfies (23) for all φ ∈ Xq,l+1, taking into account that
the estimates (25) and (26) read∫
Ω
A(·, ξ,∇e) · ∇e dx +
∫
Γ
γ (e)e dΓ min{ν#, γ#}‖e‖Xq,l+1;
∣∣∣∣
∫
Ω
A(·, ξ,∇e) · ∇φ dx +
∫
Γ
γ (e)φ dΓ
∣∣∣∣
∥∥A(·, ξ,∇e)∥∥
q ′,Ω‖∇φ‖q,Ω +
∥∥γ (e)∥∥
(l+1)/ l,Γ ‖φ‖l+1,Γ
 C
(
1 + ‖∇e‖q−1q,Ω + ‖e‖ll+1,Γ
)‖φ‖Xq,l+1 .
Applying (19), the estimate (27) implies
‖e‖ll,Γ 
(‖g‖1,Ω + ‖h‖1,Γ )/γ#. (28)
Thus we can proceed as before.
6. Heat conducting flow problems
In this section, we deal with mechanical approaches to a vectorial formulation of the (p − q) coupled system. We
consider the fluid velocity vector u = (ui)i=1,...,n, the viscous part τ of the Cauchy stress tensor σ = (σij ) and the
specific internal energy scalar e. The governing equations for steady-state heat conducting viscous incompressible
fluids are the energy, motion and incompressibility equations in the following form
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(u · ∇)u − ∇ · τ = −∇π + f in Ω; (30)
∇ · u =
n∑
i=1
∂ui
∂xi
= 0 in Ω, (31)
where the density is assumed constant and equal to one for simplicity, f denotes the external body forces and the
viscous dissipation, known as the Joule effect, appears as the heat source. Indeed the dissipative term τ : Du is
responsible for the irreversible transfer of the mechanical energy into heat. It is essential in thermoflows and it is
crucial in the fields of jet propulsion and hypersonic flight [19].
In the linear case a ≡ id (q = 2 in (42)–(43) relative to (9)–(10) of A and clearly the monotone property (11) or
(44) holds), recalling the relation
e(θ) =
θ∫
cv(z) dz,
we obtain the Fourier heat flux
q = −χ(·, e)∇e = −k(·, θ)∇θ,
with thermal conductivity k(·, θ) = χ(·, e(θ))cv(θ). The linear phenomenological assumption lies in the restriction
that irreversible thermodynamics borrows the Gibbs equation from thermostatics. Adopting the general thermodynam-
ics process, the constitutive law for the heat flux has then coercive and growthness properties in order to be consistent
with the constitutive law of the viscous stress (see [18] and the references therein). The class of non-Newtonian fluids
under study is described by the viscous stress tensor τ belonging to the subdifferential of a functional F at the point
given by Du = (∇u + (∇u)T )/2, for a fixed internal energy [8]
τ = πI + σ ∈ ∂F(·, e,Du) (32)
where I is the identity matrix. The classical example for a nondifferentiable F is the constitutive law for the Bingham
fluid
F(·, e,Du) = μ(·, e)∣∣Du∣∣2 + η(·, e)∣∣Du∣∣,
which corresponds to the combination of the linear law of a Newtonian fluid (2μD, where μ denotes the viscosity)
with the plastic behavior of a rigid body for stresses below the yield limit η. Indeed, it means p = 2 in (7)–(8) or
(38)–(39) and p2 = 1 in (40). This constitutive law characterizes fluids that present rigid zones such as the slurries,
pastes or industrial fluids in metal forming processes. Recently, the food industry provides the importance of the study
of Herschel–Bulkley fluids (which can be understood as generalizations of the Bingham fluid).
For a differentiable F = μF(DII), where DII = (D : D)/2 is the second scalar invariant, the constitutive law (32)
reads
τ = μ(·, e)F ′(DIIu)Du.
It includes the asymptotically Newtonian class of fluids, such as for instance the Prandtl–Eyring, Cross, Williamson
and Carreau models, and the so well-known Navier–Stokes fluid. Fluids with shear thinning and thickening behaviors,
known as pseudoplastic and dilatant fluids, which are described by Ostwald and de Waele power laws with exponents
1 <p < 2 and p > 2, respectively, are abundant in the nature and the industry [6].
We consider the existence, on a part of the boundary of the heat conducting viscous incompressible fluid, of slip
friction condition constituted by the nonpenetration condition plus a subdifferential relation between the tangential
velocity uT and the tangential viscous stress τT [17]
uN = 0 and − τT ∈ ∂
[
ϕ(·, e)|uT |s
]
, s  1. (33)
This formulation corresponds to (3) with
G(·, e,u) = ϕ(·, e)|uT |s ,
and it includes the Coulomb friction law (s = 1), the linear Navier law (s = 2), as well as the Chezy–Manning law
(s = 3) when non-Newtonian fluids are taken into account. Here the yield coefficient ϕ depends on the space variable
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radiation, and convection on a nonblack surface Γ is
χ(·, e)a(∇e) · n + γ (e) = −τT · uT . (34)
The continuous boundary operator γ characterizes the radiation emitted, absorbed, reflected and/or transmitted on
the given surface. It includes the Newton law γ (e) = hce (corresponding in (17)–(19) to l = 1) with hc denoting
the convective heat transfer coefficient, and the blackbody or gray radiation law γ (e) = ε|e|3e (corresponding in
(17)–(19) to l = 4) with ε denoting the Stefan–Boltzmann constant or the gray percentage coefficient, respectively
[19, pp. 232–235]. The right-hand side represents the frictional work, also known as frictional heat, because it denotes
the heat generated by the boundary friction at (33). Notice that the condition (34) can even be generalized to
χ(·, e)a(∇e) · n + τT · uT ∈ ∂γ (e) on Γ ;
with γ a convex function [15]. We assume Dirichlet conditions on the remaining part Γ0 of the boundary ∂Ω :
u = 0 and e = 0. (35)
For instance, in the analysis of continuous technological processes of shaping metals (rolling, drawing, extrusion,
etc.), the material is assumed homogeneous, incompressible and rigid-plastic [17]. The motion of the material is
regarded as being stationary after a short transient period which is not taken into account here. The flow region Ω
is in an open container of rigid walls causing the appearance of frictional phenomena and correlated convective-
radiative effect on the part Γ of the boundary ∂Ω . On the remaining part Γ0 = ∂Ω \ Γ¯ , the fluid velocity and energy
are prescribed. Considering the three-dimensional space, Theorem 13 guarantees the existence of a solution to the
Bingham model (p = 2 > 9/5,p2 = 1) under the Fourier heat flux (q = 2 > 9/5), any standard friction slip condition
(1 s < 4) and any convective-radiative boundary condition (l  1). The system (29)–(35) to the Bingham–Fourier
model under the Coulomb friction law (s = 1) reads
in Ω: (u · ∇)u − ∇ · τ = −∇π + f, ∇ · u = 0;⎧⎨
⎩
|τ | < η(e) ⇒ Du = 0,
|τ | η(e) ⇒ Du = |τ | − η(e)
μ(e)|τ | τ,
u · ∇e − ∇ · (χ(e)∇e)= 2μ(e)|Du|2 + η(e)|Du|,
on Γ :
{ |τT | < ϕ(e) ⇒ u = 0,
|τT | = ϕ(e) ⇒ ∃λ 0, u = uT = −λτT ,
χ(e)∇e · n + γ (e) = ϕ(e)|uT |.
7. A (p− q) coupled fluid-energy system
Let us fix the functional setting, for p,q > 1,
Hp =
{
u ∈ Lp(Ω): ∇ · u = 0 in Ω, u · n = 0 on ∂Ω};
Vp =
{
u ∈ W1,p(Ω): ∇ · u = 0 in Ω, u = 0 on Γ0, uN = 0 on Γ
};
L
p
sym =
{
τ = (τij ): τij = τji ∈ Lp(Ω)
}
,
endowed with their canonical Lebesgue and Sobolev norms, assuming always that meas (Γ0) > 0 such that the
Poincaré inequality holds in Ω .
Definition 11. We say that (29)–(35) is a (p − q) coupled fluid-energy system if
F(e, ) = μ(·, e)F1
(||)+ η(·, e)F2(||),  ∈Mn×n,
where Mn×n is the set of symmetric matrices of the type n× n. The viscosities μ,η : Ω ×R→R+0 are Carathéodory
functions, F1,F2 :R+0 →R+0 are convex functions, F1(0) = F2(0) = 0, furthermore suppose that F1 is strictly convex,
and
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∃η#, η# > 0: η#  η(x, e) η#; (37)
∃p > 1, α# > 0: F1(d) α#dp; (38)
∃α# > 0: F1(d) α#
(
dp + 1); (39)
∃1 p2  p, β > 0: 0 F2(d) β
(
dp2 + 1), (40)
and χ : Ω × R → R is Carathéodory function, a : Rn → Rn is a continuous function and γ,ϕ : Γ × R → R are
Carathéodory functions, γ (·,0) = 0, satisfying (17)–(19), and
∃χ#, χ# > 0: χ#  χ(x, e) χ#; (41)
∃q > 2 − 1/n, υ# > 0: a() ·   υ#||q; (42)
∃υ# > 0: ∣∣a()∣∣ υ#(||q−1 + 1); (43)(
a()− a(ζ )) · ( − ζ ) > 0; (44)
∃ϕ# > 0: 0 < ϕ(s, e) ϕ#; (45)
almost everywhere x ∈ Ω and s ∈ Γ, for every e ∈R, d  0 and , ζ ∈Rn.
We assume that
f ∈ Lp′(Ω). (46)
Definition 12. We say that (u, τ, e) is a weak solution to the (p − q) coupled fluid-energy system (29)–(35) if
(u, τ, τT , e) ∈ Vp ×Lp
′
sym × Lp′(Γ )×Xr,l satisfies (32)–(33) and
∫
Ω
Du : u ⊗ vdx +
∫
Ω
{F(e,Dv)−F(e,Du)}dx +
∫
Γ
ϕ(e)
{|vT |s − |uT |s}dΓ 
∫
Ω
f · (v − u) dx,
∀v ∈ Vp; (47)∫
Ω
u · ∇eφ dx +
∫
Ω
χ(e)a(∇e) · ∇φ dx +
∫
Γ
γ (e)φ dΓ =
∫
Ω
τ : Duφ dx −
∫
Γ
τT · uT φ dΓ,
∀φ ∈ W 1,r/(r−q+1)0 (Ω;Γ0). (48)
Theorem 13. Under the above assumptions, for l  1,
1 s < p(n− 1)
n− p , q >
n(2p − 1)
p(n+ 1)− n and
3n
n+ 2 <p < n (49)
or s  1, q > 2 − 1/n and p  n, there exists a weak solution to the (p − q) coupled fluid-energy system (29)–(35),
for all 1 < r < (q − 1)n/(n− 1).
The convective term
∫
Ω
Du : w ⊗ vdx in (47) has meanful for w ∈ Ht,u,v ∈ Vp if t  pn/(np + p − 2n) and
p < n, or t  p′ and p  n. The antisymmetry property is valid, and the compact embedding Vp ↪→↪→ Ht occurs
when p > 3n/(n + 2) [20,21]. For 1 < r < n(q − 1)/(n − 1) and q > 2 − 1/n, we have r/(r − q + 1) > n and
then it is valid the Sobolev embedding Wr/(r−q+1)(Ω) ↪→ L∞(Ω). Then the convective term in (48) has meanful
for w ∈ Ht, e ∈ W 1,r (Ω) and φ ∈ W 1,r/(r−q+1)(Ω) if t  r ′. Thus the requirement max(pn/(p(n+ 1)− 2n), r ′)
t < pn/(n− p) leads to the restriction (49). For 1 s < p(n− 1)/(n− p), the compact embedding W 1,p(Ω) ↪→↪→
Ls(Γ ) is valid.
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The proof follows the argument described at Section 2. Let us consider the space X := Vp ×L1(Ω)×L1(Γ )×Xr,l
endowed with the product of weak topologies. Thus X becomes a locally convex Hausdorff topological vector space,
and the ball
K = {(w, g,h, ξ) ∈ X: ‖w‖Vp R1, ‖g‖1,Ω R2, ‖h‖1,Γ R3, ‖ξ‖Xr,l R4}
is a nonempty convex compact set in X, considering Ri (i = 1, . . . ,4) chosen later. Let us set a multivalued mapping
L defined by
L(w, g,h, ξ) = {(u, τ : Du,−τT · uT , e)}
where u is the unique solution given by the known result for the stationary fluid problem with prescribed coefficients
as stated in the following proposition.
Proposition 14. Let the assumptions (36)–(40) and (45)–(46) be fulfilled. For all p > 1, s  1, w ∈ Ht and ξ ∈
W 1,1(Ω), there exists a unique solution u = u(w, ξ) ∈ Vp satisfying∫
Ω
Du : w ⊗ vdx +
∫
Ω
{F(ξ,Dv)−F(ξ,Du)}dx +
∫
Γ
ϕ(ξ)
{|vT |s − |uT |s}dΓ

∫
Ω
f · (v − u) dx, ∀v ∈ Vp. (50)
Moreover, the following estimate holds
‖u‖Vp C‖f‖1/(p−1)p′,Ω := R1.
The existence of the Lagrange multipliers τ and τT is consequence of Proposition 7 and the existence result has
the following form.
Proposition 15. For each solution u given at the Proposition 14, there exists a stress tensor σ ∈ Lp′sym such that
σ = −πI + τ, τ = −(ζ1 + ζ2) and τT = ς, (51)
where π ∈ Lp′0 (Ω), the subspace of Lp
′
(Ω) consisting of functions with mean value equal to 0, ζ1, ζ2 ∈ Lp
′
sym, ς ∈
Lp′(Γ ) satisfy
s = 1:
∫
Γ
ϕ(ξ)|uT |dΓ = −
∫
Γ
ς · uT dΓ and |ς | ϕ(ξ) on Γ ; (52)
s > 1:
∫
Γ
ϕ(ξ)|uT |sdΓ +C(s)
∫
Γ
ϕ(ξ)
∣∣∣∣ ςϕ(ξ)
∣∣∣∣
s′
dΓ = −
∫
Γ
ς · uT dΓ ;
∫
Ω
μ(ξ)F1
(∣∣Du∣∣)dx +
∫
Ω
μ(ξ)F ∗1
(∣∣∣∣ ζ1μ(ξ)
∣∣∣∣
)
dx = −
∫
Ω
ζ1 : Dudx;
∫
Ω
η(ξ)F2
(|Du|)dx +
∫
Ω
η(ξ)F ∗2
(∣∣∣∣ ζ2η(ξ)
∣∣∣∣
)
dx = −
∫
Ω
ζ2 : Dudx;
(w · ∇)u + ∇ · (ζ1 + ζ2) = f − ∇π in Ω. (53)
Moreover, the estimates hold
‖τ : Du‖1,Ω  C
(‖Du‖p−1p,Ω + 1)‖Du‖p,Ω  C(Rp1 +R1) := R2;
‖τT · uT ‖1,Γ  C
(‖u‖s−1 + 1)‖u‖Vp  C(Rs +R1) := R3.Vp 1
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′
sym and τT ∈ Lp′(Γ ) satisfy (51)–(53), then u is the solution to (50).
The existence of a unique SOLA solution in accordance to L1-theory (cf. Proposition 9 and the estimate (28)) is
given at the following proposition.
Proposition 16. Let the assumptions (17)–(19) and (41)–(44) be fulfilled. For each w ∈ Ht , ξ ∈ L1(Ω), g ∈ L1(Ω)
and h ∈ L1(Γ ), there exists a SOLA solution e ∈ Xr,l , for all 1 < r < (q − 1)n/(n− 1), satisfying∫
Ω
w · ∇eφ dx +
∫
Ω
χ(ξ)a(∇e) · ∇φ dx +
∫
Γ
γ (e)φ dΓ =
∫
Ω
gφ dx +
∫
Γ
hφ dΓ,
∀φ ∈ W 1,r/(r−q+1)0 (Ω;Γ0). (54)
Moreover, the estimate holds, independently on w and ξ ,
‖e‖Xr,l  C
(‖g‖1,Ω + ‖h‖1,Γ )λ C(R2 +R3)λ := R4,
with λ = λ(n, r, q).
The set L(w, g,h, ξ) is convex due to convex property of the set of Lagrange multipliers and the uniqueness
of the solutions u and e. The upper semicontinuity of L, and in particular the closeness of L(w, g,h, ξ), comes
from the closed graph property. Take the sequences (wm,gm,hm, ξm) ∈ K and (um, τm : Dum,−ςm · umT , em) ∈
L(wm,gm,hm, ξm) satisfying
wm ⇀ w, um ⇀ u in Vp ↪→↪→ Ht ∩ Lp(Γ );
gm ⇀ g, τm : Dum ⇀ 1 in L1(Ω);
hm ⇀ h, ςm · umT ⇀ 2 in L1(Γ );
ξm ⇀ ξ, em ⇀ e in Xr,l ↪→↪→ L1(Ω)∩L1(Γ ),
where it is implicit that the symbol ∩ represents the function and its trace. The weak convergence yields
(u, 1, 2, e) ∈ K. The continuity property of the Niemytski operators μ, η and ϕ implies the strong convergence
of the coefficients. From Remark 8, it follows the convergence |umT |s → |uT |s in L1(Γ ). Thus, we can pass to
the limit in (50)m, when m tends to infinity, obtaining the solution u = u(w, ξ) to (50). Hence, we conclude that
2 = ς · uT . The proof of 1 = τ : Du can be found in [9]. Arguing as in Theorem 4 we recognise that the weak limit
e is the SOLA solution to (54). Indeed recalling the convergence of ξm to ξ a.e. in Ω and a.e. on Γ , the continuity
of the Niemytski operator χ allows the passage to the limit on the thermal diffusity coefficient. Then Theorem 13 is
finished using Theorem 5.
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